Large Eddy Simulations of the plane mixing layer have been performed, for the purpose of educing the streamwise vortex structure that may exist in these flows. Both an initiallylaminar and initially-turbulent mixing layer are considered in this study. The initiallylaminar flow originates from Blasius profiles with a white noise fluctuation environment, whilst the initially turbulent flow has an inflow condition obtained from an inflow turbulence generation method. Both simulations produce good mean flow statistics when compared with reference experimental data. The simulations capture the change in growth rate when the initial conditions are either laminar or turbulent. Flow visualisation images demonstrate that both mixing layers contain organised turbulent coherent structures, and that the structures contain rows of streamwise vortices distributed across the span of the mixing layer. Ensemble averaging of the cross-plane data, however, shows no evidence for statistically stationary streamwise vortices in either simulation.
I. Introduction
The plane turbulent mixing layer is commonly referred to as a statistically two-dimensional flow. Experimental work has shown that the mixing layer rolls up into primary vortices owing to the action of the primary Kelvin-Helmholtz (K-H) instability. These vortices are then responsible for governing the entrainment of fluid into the layer, and the growth of the layer as a whole. At modest Reynolds numbers, it has been shown that the primary vortices pair together, with the growth of the mixing layer occurring as a result of the interaction.
1 At higher Reynolds number, the coherent structures embedded in the turbulent flow 2 undergo continuous growth between interactions, 3 with recent experimental evidence demonstrating that this continuous growth is linear in nature, with interactions between coherent structures contributing nothing to the overall growth of the mixing layer. 4 For mixing layer flows originating from initially turbulent boundary layers, it is not entirely clear whether coherent structures form in the flow.
14 It is well-known, however, that the initially turbulent mixing layer displays a reduction in its rate of growth when compared to its initially laminar counterpart.
15, 17 The cause for this change in growth remains an open research question. Whilst early flow visualisations demonstrated that the coherent structures in the flow were essentially quasi-two-dimensional, subsequent experimental studies presented evidence of a secondary, streamwise structure in the mixing layer.
5 Extensive research into the origin and evolution of these streaks demonstrated that the streamwise vortex strength and spacing can vary significantly between experimental facilities.
6−11 Quantitative measurements by Bell & Mehta 11 showed that, for initially laminar conditions, stationary streamwise vortices form following the roll-up of the mixing layer, and evolve slowly with increasing downstream distance. These stationary vortices persist far into what would normally be considered the fully-developed turbulent flow.
12 Subsequent measurements of mixing layers originating from turbulent boundary layers showed no particular evidence for stationary streamwise vorticity.
In recent years, advances in supercomputing power have permitted high-fidelity simulations of mixing layers to be performed. The temporal mixing layer has been studied extensively, with the effect of initial conditions on the flow documented in detail.
18−21 Temporal mixing layers, however, do not predict the asymmetric entrainment ratio noted in experiments, 22 and are beyond the scope of interest of this study. Spatially-developing mixing layer simulations are less common in the literature, with most of the published literature on the topic being produced in the past decade. Recent Direct Numerical Simulation (DNS) studies have shown that computing power is now sufficient to simulate the turbulent region of the mixing layer flow in great detail.
23,24 Most of the published work focuses on mixing layers which originate from initially laminar conditions, with simple boundary conditions used to model the inflow to the computational domain.
25−27 The hyperbolic tangent function commonly used to describe the inflow of the spatially-developing flow produces inconsistencies in the initial development of the flow, and the overall entrainment into the mixing layer, 28−31 when compared to simulations using prescribed boundary layer profiles for the inflow.
Very few reported simulations of spatially-evolving mixing layers which originate from a turbulent highspeed boundary layer are present in the research literature. This is likely due to the difficulty in producing a time dependent, turbulent inflow condition for numerical simulation methods such as Large Eddy Simulation and Direct Numerical Simulation. Recent research by Sandham & Sandberg 32 suggested that Brown & Roshko structures 2 may not be present in the initial region of a mixing layer which develops from a turbulent boundary layer. However, a previous study has shown the potential for Large Eddy Simulation, combined with an appropriate inflow generation technique, to capture the reduction in growth rate caused by initially-turbulent boundary layers. 33 In that study, coherent structures were found to emerge some distance downstream of the splitter plate. The flow statistics presented in the study were in good agreement with experimental data, and warranted further investigation.
The aim of the present study is to elucidate the nature of the streamwise vortex structure that exists in the plane mixing layer. High-fidelity Large Eddy Simulations are performed against the reference experimental data of Browand and Latigo.
17 For the simulations where the high-speed side separating boundary layer is turbulent, the recycling and rescaling method of Xiao et al. 34 is used to generate a turbulent inflow condition. Cross-stream measurements at several streamwise locations are recorded in order to directly compute the streamwise vorticity and secondary shear stress in the flow. This mean statistical information can then be used to quantify the presence of the streamwise vortices in the simulations.
II. Numerical Methods
The spatially filtered equations for conservation of momentum and mass for a uniform density fluid are
These equations are discretised on a staggered mesh. The viscosity ν can consist of both a molecular and a subgrid component, ν = ν m + ν sg , if a subgrid-scale model is used. In this study the Wale Adapting Local Eddy-viscosity (WALE) model 35 is utilised, with the eddy viscosity, ν sg , calculated by
where
kk ,ḡ ij = ∂ū/∂x, and C w is a model constant specified a priori. The WALE model is attractive for the simulation of free shear flows with initially laminar conditions, as it predicts zero eddy viscosity in the presence of pure shear. It has been shown in other work by the author that this model produces improved plane mixing layer predictions when compared to the standard Smagorinsky model.
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Temporal advancement of the governing equations is performed by the Adams-Bashforth method. In this method, a provisional velocity field is obtained through
The provisional velocityū * i does not satisfy continuity, and is updated to the actual velocity at the next time step,ū n+1 i , by the pressure solver. The pressure field is solved implicitly by the use of the continuity equation. The provisional velocity field ofū * i is used to derive the actual velocity by including the gradient of an unknown pressure fieldp
As the new velocity field must have zero divergence, a Poisson equation can be found for the pressure field between the present and next time step
As the current code requires that one spatial dimension be periodic, a Fourier transform can be performed on equation 8 to give a sequence of Helmholtz problems for each wavenumber k z
A multi-grid method is used to enhance the speed of convergence of the solution. A standard convective outflow condition is used at the downstream end of the computational domain.
For the purposes of flow visualisation a passive scalar is also introduced into the flow domain, which is governed by the equation
where α is the diffusivity, which contains both a molecular and a subgrid component, α = α m + α sg , if a subgrid-scale model is used. With a subgrid scale model employed, the subgrid diffusivity is set to α sg = ν sg /0.7. The scalar is discretised on the staggered mesh at the cell centre, and a third-order upwinding scheme is used to calculate the scalar flux between cell faces. The Adams-Bashforth method is used to integrate the scalar field forward in time, with a method of discretisation very similar to equations 5 -6.
For the simulation requiring a turbulent inflow condition, the recycling and rescaling method of Xiao et al. 34 is employed. This method requires virtual domains to be placed upstream of the main simulation domain, in which the turbulent flow-field is generated. The flow in the virtual domain then provides the inflow condition for the main simulation domain. This method has been used extensively in recent research, being used to specify inflow conditions for plane mixing layers, 34,33 axisymmetric jet flows, 37 and multiphase flow. 38 In all of these flow configurations, the turbulent inlet condition produced main simulation flow-fields with accurate flow statistics. 
III. Simulation Set-up
The experiments of Browand and Latigo 17 form the reference dataset for the present study. In those experiments, both initially-laminar and initially-turbulent mixing layers were studied, with constant freestream velocities maintained between experimental runs. The initial conditions of the mixing layer were reasonably well-documented, making these experiments a good candidate for replication by numerical simulation. In addition, several useful statistical quantities were reported, which will be used to asses the quality of the simulation data.
The flow conditions of the experiments are reported in Table II . The velocity ratio, R, is defined as
where U 1 and U 2 are the freestream velocities of the high-and low-speed streams at the splitter plate trailing edge respectively. The initial velocity ratio parameter of the flow is R = 0.66 for both experiments. As the lower wall of the experimental facility was fixed horizontally, a small pressure gradient was established in the flow. This pressure gradient had the effect of decreasing the low-speed side freestream velocity, thus increasing R with increasing streamwise distance. Statistical quantities obtained in the experiments were therefore presented as a function of local freestream velocities.
The Laminar Inflow Simulation (LIS) and Turbulent Inflow Simulation (TIS) share common parameters; the WALE model constant takes a value of C w = 0.56, the time step of the simulation is 6.0 ×10 −7 s, and the simulations are run for 1,200,000 time steps. The initial 260,000 time steps are used to propagate the initial condition through the computational domain and achieve a statistically stationary flow field. Statistical samples and flow visualisation outputs are recorded during the remaining time steps.
A. Laminar Inflow Simulation (LIS)
The computational domain for the untripped simulation begins at the downstream end of the splitter plate, with no solid geometry included in it. The domain extends 0.75 × 0.61 × 0.18 (m) in the streamwise, cross-stream, and spanwise directions respectively. It has been shown elsewhere that this spanwise domain extent is sufficient to prevent confinement of the flow. 40 The plane of the splitter plate is located at the mid-point of the lateral domain, as was the case in the experimental facility.
The domain is discretised into 768 × 256 × 256 cells, resulting in an overall cell count of 50.3 million cells. The mesh is refined near the splitter plate, and grid-stretching is employed in both the streamwise and crossstream directions in order to reduce the overall computational cost of the simulations. The minimum grid spacing in the streamwise and lateral directions are ∆x min = 0.0002m and ∆y min = 0.00004m respectively. The cell spacing in the spanwise direction is uniform.
The experimental data of Browand & Latigo demonstrated that the flow at the trailing edge of the splitter plate was laminar in nature in their untripped experiment. The measured mean streamwise velocity profile showed that the laminar boundary layers were very near to the Blasius form. In Case LIS, Blasius profiles which match the momentum thickness of each stream are applied at the inflow plane of the simulation. Pseudo-random white noise of a magnitude which matches the reference data are superposed onto the inlet profile at each time step. The method applied here is very similar to that employed in previous studies of the idealised mixing layer by the author. 28, 29 In those studies, it was found that the transition to turbulence, and the coherent structures in the turbulent flow were readily captured.
B. Turbulent Inflow Simulation (TIS)
The reference experimental data recorded the mean streamwise velocity profile, and its associated velocity fluctuation distribution, in the region of the trailing edge of the splitter plate. No cross-stream or spanwise velocity fluctuation profiles were recorded in the experiment. As the inflow generation method also requires profiles of the cross-stream and spanwise r.m.s. velocity fluctuations, these profiles are obtained from the DNS data of Spalart.
41 Case TIS, therefore, is not necessarily an exact numerical replication of the reference experiment as a complete description of the experimental initial conditions has not been provided.
The virtual domain is placed on the high-speed side stream and has an extent of 14δ. It is separated from the trailing edge of the splitter plate by a small region of length δ. This is done to permit the flow to develop naturally along the splitter plate prior to its separation and formation of the mixing layer. The recycling plane is located 1.2δ upstream of the trailing edge of the splitter plate. A small region upstream of the trailing edge of the splitter plate on the low-speed side is added to the computational domain, to allow the flow to develop naturally at the trailing edge. The recycling method is not used in the low-speed laminar stream.
The specification of the mesh for the Turbulent Inflow Simulation presents a significant computational challenge. There are conflicting requirements between the turbulent boundary layer and mixing layer regions of the flow. For the turbulent boundary layer, a highly-resolved near-wall region is necessary to capture the viscous sublayer, whilst in the mixing layer region it is important that the spanwise domain extent is sufficient to prevent any confinement of the turbulence structure that develops in this direction. 40 To allow for direct comparisons with the Laminar Inflow Simulation, the grid distribution in the mixing layer region is unchanged. The grid distribution in the boundary layer region matches that of the first streamwise plane in the mixing layer domain -yielding a posteriori estimations of the non-dimensional near-wall grid spacing of ∆x + ≈ 15, ∆y + ≈ 1.5, and ∆z + ≈ 50. The mesh distribution of the mixing layer domain remains unchanged from that of Case LIS. The inclusion of the extra region computational domain upstream of the trailing edge adds 33.35 million cells to the calculation, resulting in a total of 83.65 million cells. The inflow condition for the high-speed stream is obtained using the recycling method described above. The low-speed side inflow condition is provided by imposing a Blasius velocity profile at the inflow plane, with white noise disturbances of magnitude matching those found in the experimental facility superposed onto the mean profile at each time step. The low-speed inflow velocity profile is chosen such that the momentum thickness of the boundary layer matches that of the experiment at the trailing edge.
IV. Results
The boundary layer mean flow statistics obtained from the inflow generator have been described elsewhere, 33 and are not repeated here. The generation technique produces satisfactory predictions of the boundary layer, given the uncertainty in the initial conditions of the experimental conditions, and the resulting mixing layer flow agrees well with the reference data.
In the reference experiment, the fixed lateral walls of the test section produced an adverse pressure gradient in the flow. This resulted in a decrease in the low-speed side freestream velocity with increasing streamwise distance from the splitter plate. Where flow statistics are normalised by the velocity difference across the mixing layer, ∆U = U 1 − U 2 , the local values of the freestream velocities are used.
A. Mean Mixing Layer Flow Statistics
The integral thickness of the mixing layer is commonly determined through the momentum thickness, θ. This quantity is defined as
whereū t is the mean streamwise velocity. The normalised momentum thickness distribution in both simulations is shown in Figure 1 . The quantity is normalised by the initial momentum thickness, θ i , which is assumed to be equal to the high-speed stream boundary layer momentum thickness. There is extremely good agreement between simulation and experimental data in both simulations. The tailing off of the profiles towards the downstream end of the computational domain is frequently reported in simulations of spatiallydeveloping shear layers 23,24,36 and is caused by the alteration of the entrainment characteristics of coherent structures as they pass through the outflow boundary. 40 The reduction in the growth of a mixing layer originating from an initially-turbulent high-speed side boundary layer is reproduced well in the Case TIS. In the experiment, the rate of growth of the initially-turbulent mixing layer relaxed towards that of its initially laminar counterpart downstream of x/θ i ≈ 400, and there is evidence for this relaxation in Case TIS. The computational domain, however, is too short to verify that this switch is captured correctly in the simulation.
The mean streamwise velocity, recorded in the self-similar region of both simulations, agrees well with the experimental data, as shown in Figure 2a . The streamwise velocity fluctuation profile is also well-predicted by both simulations (Figure 2b) . The mean flow statistics presented here indicate that the mixing layer originating from both initially-laminar and initially-turbulent boundary layers can be accurately reproduced by LES.
Power spectral density curves at various streamwise locations along the centreline of the mixing layer are shown in Figure 3 for each case. In Case LIS, distinct peaks are evident in the spectrum at x = 0.02m, which correspond to the primary instability and its subharmonics. Further downstream the spectra approach the −5/3 roll-off indicative of fully developed turbulence. As was described elsewhere, 40, 33 the transition in Case LIS is precipitated by a pairing interaction of primary vortices, following the formation of secondary streamwise structure. In Case TIS all spectra display a roll-off in the exponent of −5/3, indicating that fully turbulent flow is present through the entire streamwise extent of the computational domain. The spectrum at x = 0.005m also demonstrates that the recycling and rescaling method produces a boundary layer flow that is fully turbulent in nature, as the fluctuations along the centreline at this streamwise location originate in the turbulent boundary layer.
B. Flow Visualisation
It has been shown in previous studies that coherent structures in simulations of plane mixing layers can be visualised through the spanwise averaging of a passive scalar. The coherent structures found in Cases LIS and TIS share topographical features. When viewed in a Lagrangian frame through the subtraction of the convection velocity of the flow, U c = 0.5(U 1 + U 2 ), the coherent structures have a centre of rotation which is surrounded by two saddle points. These two saddle points, one upstream and one downstream of the centre of rotation, define the extent of the structure. Whilst these coherent structures can be visualised in a spanwise-integrated sense, there is also an underlying threedimensional structure contained in them. This three-dimensional structure can be investigated qualitatively by interrogating the y − z passive scalar flow field. In Figure 6 the passage of a coherent structure through a sampling plane in Case LIS shown. This structure proceeds through a sampling plane located at x = 0.45m. This structure is representative of all coherent structures passing, and was chosen for inspection as it does not undergo an interaction during its passage through the sampling plane. The y − z cuts of the flow in Figure 7 correspond to the spanwise-averaged images in Figure 6 . Figures 6a & 7a record the flow pattern at the downstream saddle point of the structure. The y −z image reveals a row of 'mushroom-shaped eruptions' across the span of the mixing layer. These eruptions infer the presence of streamwise vortices in the mixing layer. As the core of the structure passes through the sampling plane (Figures 6b,6c & 7a,7b) , the row of streamwise structures is displaced downwards, and a new set of structures appears on the upper side of the mixing layer. When the upstream saddle point passes through the sampling plane (Figures 6d & 7d) , the lower row of structures disappears, and the upper row of structures displaces downwards to occupy the braid region. This pattern of scalar distribution in the coherent structure is remarkably similar to that observed in both low-and high-Reynolds number mixing layers.
9,8
A representative coherent structure from Case TIS is also analysed in this manner, as shown in Figures 8  & 9 . The sampling plane for this particular structure is located at x = 0.6m, but all structures share similar features where they are present at any streamwise location in the flow. As the structure passes through the sampling plane, the y − z scalar distribution is very similar to that of the counterpart structure in Case LIS; the braid region consists of a single row of streamwise structure, whilst the core region of the coherent structure contains two rows of streamwise structure, located at the upper and lower extremes of the core.
The y − z images presented here provide qualitative evidence of the presence of streamwise vorticity in these simulations. However, these visualisation images do not produce any statistical information on the streamwise vorticity in the mixing layer. Statistical information pertaining to the streamwise vortex structure is presented below.
C. Streamwise Vorticity
Experimental studies have shown that the quantitative data on streamwise vortices in the mixing layer can be obtained from ensemble averaging of the flow across the span at various downstream locations.
11 More sophisticated experimental facilities have directly sampled y − z planes at various downstream locations to directly compute the streamwise vorticity in the flow. Further, it has been found that for a flow containing statistically stationary streamwise vortices, the secondary shear stress u w can be used to educe the streamwise vortex structure.
11
In the current simulations, measurement stations are placed at x = 0.02, 0.05, 0.1, 0.15, 0.3, 0.45, and 0.6m downstream of the splitter plate trailing edge. At each measurement station, the entire y − z flow field is sampled at a rate of 1.67kHz, and 740 samples are obtained at each station. From these samples, an ensemble average is obtained, and statistical properties of the flow are computed.
The locus of the centreline velocity, U c , across the mixing layer span is plotted at each measurement station in Figure 10 for both simulations. Both plots show that the centreline location does vary somewhat across the span at each location, but also that these fluctuations are rather small in magnitude. There is little evidence for a regular pattern in the plots for Case LIS at all streamwise locations. Case TIS shows some evidence of a regular pattern at x = 0.1, 0.15m, but beyond this point the distributions again become somewhat irregular.
The mixing layer thickness is defined as the vertical distance between the locations where U 0.01 = U 2 + 0.01(U 1 − U 2 ), and U 0.99 = U 2 + 0.99(U 1 − U 2 ). The variation in mixing layer thickness across the span is plotted as a function of streamwise distance in Figure 11 . In Case LIS, the thickness variation is extremely low, and reaches a maximum at x ≈ 0.1m (the second measuring station). The maximum variation is 3.8%, significantly lower than the value reported in comparable experiments by Bell & Mehta.
11 In the posttransition region the variability in mixing layer hovers at approximately 3%. Case TIS produces a lower maximum variation of 2.8% at the second measurement station, and the variability relaxes to ∼2.5% for the remainder of the computational domain. It is interesting to note that a three-dimensional, turbulent high-speed boundary layer produces a mixing layer that is more statistically two-dimensional than a mixing layer originating from initially laminar conditions.
Contours of secondary shear stress, normalised by the square of the velocity difference between the freestreams, are shown in Figures 12 and 13 at four measurement stations for Cases LIS and TIS respectively. For Case LIS, there appears to be evidence for some organisation in the peaks and troughs of the secondary shear stress contours -alternating bands of positive and negative u w are evident, but their spanwise scale is significantly larger than that of comparable experimental data.
11 This may be due to the differing initial conditions between the current simulation and the experimental data. Regardless, at subsequent measurement stations there is no particular evidence for regular peaks and troughs in the secondary shear stress contours across the span of the mixing layer. Instead, clumps of positive and negative secondary shear stress are present at all measurement stations, with no obvious pattern present in their distribution. The scale of the clumps of secondary shear stress increases with streamwise distance, implying that the local scale of the streamwise structure increases with increasing streamwise distance, but it is not possible to draw any definitive conclusions regarding the spanwise wavelength of the streamwise structure from these images. Similarly, Case TIS shows no particular evidence of organised streamwise vortices at any of the measurement station.
V. Conclusions
Large Eddy Simulations of plane turbulent mixing layers originating from both laminar and turbulent high-speed boundary layers have been performed. The simulations produce mean statistical data which agrees well with reference experimental data. Flow visualisations from both simulations reveal that turbulent coherent structures of the Brown & Roshko 2 form are present in the flow. Cross-stream visualisations of the passive scalar provide quantitative evidence for secondary streamwise structures, which, when viewed in a spanwise integrated sense, comprise the primary coherent structure. Ensemble-averaged statistical data shows no particular evidence for statistically stationary streamwise vortices in the mixing layer simulation with laminar initial conditions. This is surprising, given that a large body of experimental research has produced extensive data to demonstrate their existence in real flows. 9, 8, 11 The reasons for the lack of organised streamwise vorticity in the initially laminar mixing layer simulation is currently under investigation. The initially-turbulent mixing layer also shows no evidence for statistically stationary streamwise vorticity, in agreement with prior experimental data. 
